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ABSTRACT. In the present work, we extend the semi-cyclic contraction
conditions established by Gabeleh and Abkar [9] by introducing the
concept of a p-semi-cyclic contraction for a pair of mappings (S,T)
on the union of p(> 2) nonempty subsets in a Banach space. In the
sequel, we establish several fundamental results, including existence and
convergence theorems for best proximity points corresponding to the
pair (S,T). Additionally, illustrative examples are provided to support
our findings.

1. INTRODUCTION

Solving equations of the type Tx = x, where T is a mapping defined
on subsets of metric or normed linear spaces, heavily relies on fixed point
theory. The Banach Contraction Principle, which was came to light in 1922
[3] and signaled the start of fixed point theory in metric spaces, is a basic
conclusion in fixed point theory. Since then, fixed point theory has been
widely studied by various authors (One may see [11},/12}|14}/15,/17]).

Furthermore, a fixed point is not always present in a non-self mapping
T : A — B. In such cases, the objective is often to find an element x € A
such that, in some sense, approximate to its image T'x € B. This leads to the
development of best approximation and best proximity point theory, which
serve as meaningful alternatives to classical fixed point results in the context
of non-self mappings. A best approximation theorem deals with the existence
of solutions that minimize the distance to the desired outcome, although such
solutions may not always be globally optimal. In this direction, we consider
the well-known best approximation theorem introduced by Ky Fan [§] in
1969, stated as follows:

2020 Mathematics Subject Classification. Primary: 47H10; Secondary: 54H25.

Key words and phrases. Cyclic contraction, p-semi-cyclic contraction, Best proximity
point, Fixed point.

Full paper. Received 23 Jun 2025, accepted 13 Jun 2026, available online 30 Jun 2026.

(©2026 Mathematica Moravica

103


https://doi.org/10.5937/MatMor2601103K
https://orcid.org/0009-0008-1522-5700
https://orcid.org/0000-0003-3608-1941
https://orcid.org/0000-0002-0077-0609

104 BEST PROXIMITY POINT RESULTS FOR pP-SEMI-CYCLIC CONTRACTION PAIR. . .

Theorem 1 (|8]). Let P be a nonempty compact convex subset of a normed
linear space X andT : P — X be a continuous function. Then, there exists
x € A such that ||z — Tx| = d(Tz,A) = inf{||Tz —al| : a € A}.

In the above theorem, the element x does not necessarily attain the op-
timal value of ||x — T'z||. In contrast, best proximity point theorems ensure
optimal approximate solutions. More precisely, a best proximity point theo-
rem ensures the existence of a point x such that d(A, B) = d(x,Tx), where
d(A,B) = min{d(u,v) : u € A,v € B}. Over the last two decades, best
proximity point theory has emerged as an active area of research. Some
significant contributions in this direction can be found in references [3}[7,/18].

The concept of cyclic contraction mappings on uniformly convex Banach
spaces was first presented in 2006 by Eldred and Veeremani [5], who also
looked into the potential of determining the best proximity points for these
mappings. This foundational idea was further developed in 2009 by Thagafi
and Shahzad [1], who extended the contraction condition and obtained new
results for the concept introduced.

In [13|, Karpagam and Agrawal generalized the concept of cyclic con-
tractions, originally defined for two subsets to a framework involving p > 2
nonempty subsets by formulating the notion of the p-cyclic Meir-Keeler con-
traction based on the p-cyclic condition. In 2010, Vetro [20] contributed
further to this theory by presenting new results in the context of p-cyclic
¢-contractions. Moreover, various other generalizations and extensions of
p-cyclic mappings have been discussed in works such as [10}/16] and several
related studies [2,5,21].

Motivation and significance of the work. Best proximity point theory
has been widely developed through cyclic contractions and their various gen-
eralizations. Nevertheless, most of the existing results are restricted to two
subsets and a single mapping. Although cyclic contractions on p nonempty
subsets have been studied, semi-cyclic contraction pair of mappings have
been considered only in the case of two subsets. In this direction, Gabeleh
and Abkar [9] pioneered the term called semi-cyclic contractions for a pair of
operators (S,T). Later, Thakur et al. [19] further extended this framework
by establishing best proximity point results for semi-cyclic ¢-contraction
pairs. Based on the existing results available to us, no previous work has
considered semi-cyclic contraction pairs of mappings for p > 2 nonempty
subsets. To overcome this gap, we introduce the notion of a p-semi-cyclic
contraction pair of mappings and investigate best proximity point results
for this new class of mappings. We establish corresponding existence and
convergence theorems along with an illustrative example. The proposed
framework significantly extends several existing contraction concepts. In
particular, when p = 2, a p-semi-cyclic contraction pair reduces to a semi-
cyclic contraction pair [9], and further, when S = T, it reduces to a cyclic
contraction [6].
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2. PRELIMINARIES

We begin by presenting some fundamental definitions and results that will
be essential for the development subsequent part of the paper.

“A Banach space X is said to be uniformly convex if there exists a strictly
increasing function 6 : [0,2] — [0, 1] such that the following implication
holds for all z,y,p € X, R > 0 and r € [0,2R]:

lz—=pl <R, ly—pl<R, |z—ylzr =
r+y
—D

o] (1-a()) e

Definition 1 (|15]). Let (X,d) be a metric space, and let A and B be
nonempty subsets of X. A mapping T': AUB — AU B is called a cyclic
mapping if T'(A) C B and T(B) C A.

Definition 2 ([9]). Let A and B be nonempty closed subsets of complete
metric space (X,d), and let S, T be two self-mapping on AU B. The pair
(S,T) is called a semi-cyclic contraction pair if S(A) C B and T(B) C A,
and there exists 0 < a < 1 such that d(Sz,Ty) < d(z,y) + (1 — a)d(A, B)
forallz € A and y € B.

Definition 3 (|6]). A subsets E of a metric space (X, d) is called boundedly
compact if every bounded sequence in E has a subsequence that converges
to a point in FE.

3. MAIN RESULTS
Let us first introduce p-semi-cyclic map and p-semi-cyclic contraction pair.

Definition 4. Let A;, 1 <1¢ < p be nonempty closed subsets of a complete
metric space (X, d) where p is positive even number. Let S, T : UY_; A, —
UP_, 4; be two self maps. Then the pair (S, T) is called a p-semi-cyclic pair
if

(1) S(Agk—1) € Ao, and  T(Ag) C Askta,

where Ap;1 = Ajand k=1,2,..., 5
Now, throughout the paper we consider A; and mappings S and T" defined

as in Definition [4

Definition 5. The pair (S,7) on UY_, A; is called p-semi-cyclic contraction

pair if there exists o € (0, 1) such that

(2) d(Sz,Ty) < ad(x,y) + (1 — a)d(A;, Ai+1),

forall x € A;, y € Ajyq.
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Remark 1.

(1) Note that, for p = 2, a p-semi-cyclic contraction pair

coincides with the semi-cyclic contraction [9], and when p = 2 and

S =T, the same is coincides with

(2)

the cyclic contraction [6].

According to the definition |4}, we observe that the mappings S and

T operates alternate across the subsets A;, 1 < ¢ < p. That is,
S applied on odd-indexed subsets, and T' applied on even-indexed
subsets (or vice versa), in a repeating fashion. For the sequence of
mappings to complete a full cycle and return to the initial subset

Ay with the same mapping that

started the process (say S), the

total number of steps (i.e., the number of subsets p) must be even.
Indeed, each application of .S is followed by an application of T, and

vice versa forming complete pairs.

If p were odd, after p steps, the

mapping that appears at A; would be different from the one that

started the cycle.

This breaks the alternating structure required

by the p-semi-cyclic pairs. Therefore, to maintain the alternation
and ensure that the cycle closes properly with the same structure

(starting and ending with .S or T')
even.

, the number of subsets p must be

The following example illustrates that there exists a p-semi-cyclic con-

traction pair which is not cyclic.

Example 1. Let X := R? and the norm
where (x,7y) € R2. Let

As = {(x,y) cR?:1<
Ay = {(x,y) cR?:z

Then each A; is closed and d(A4;, Aiy1)
S, T : U?:lAi — U?:lAZ' by

(3:2):
S(z,y) =1 (1, 3),
(@,9),
and
(1,1),
T(z,y) = { (5,0),

given by ||(z,y)| = max{|z|, |y|},

z < %7 Yy = 0}7
1y

57 2 S Yy S 1}7
r < %7 Y= 1}7
LOSyS%}
= %, for all 1 < ¢ < 4. Define
(z,y) € A1
($,y) € As;
otherwise;
(z,y) € Az;
(z,y) € Ag;
otherwise.
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Here, we observe that the pair (S5, T") satisfies p-semi-cyclic map condition,
however, neither 7" nor S is p-cyclic.

On the other hand, if (x;, z;+1) € A4; for all 1 <1i < 4. Define S(x1,y1)
ar, T(x2,y2) = az, S(z3,y3) = ag and T'(z4,y4) = as. Then |la; — a1 =
where for all 1 <¢ <4 and a5 = a;.

Further, suppose ||(zi,yi) — (zi+1,¥it+1)|| = N > 0. Then

1
2

1 1 1
la; = aiall = 5 < SN + 5d(Ai, Aia).
Hence, the pair (S,T) is a p-semi-cyclic contraction pair.

Next, we define the notion of p-semi-cyclic non-expansive mappings for
pair (S, T).

Definition 6. The pair (S, T') on UY_, A; is called p-semi-cyclic non-expansive
mappings if

(3) d(Sz,Ty) < d(z,y) forallz € 4;, y € A;jy1 and 1 <i < p.

The result below shows that the distance between adjacent sets are equal
under p-semi-cyclic non-expansive mapping for (S, T).

Lemma 1. Let the pair (S,T) is p-semi-cyclic nonexpansive mappings.

Then d(A;, Aix1) = d(Aiq1, Aive) for all 1 <i <p.

Proof. Let z € A; and y € A;11, 1 <1i <p. Then, from , we have
d(Ais1, Aipz) < d(Sz,Ty) < d(z,y).

Since x and y are arbitrary elements of A; and A;;1 respectively, it follows
that

d(Ait1, Aiye) < d(Ai, Air1), for all i.
Applying this relation iteratively along the cycle, we obtain
d(Az, Az) < d(As, Ay) <---d(Ap, A1) < d(A1, A2) < d(Asz, A3).
which implies that all the inequalities are actually equalities. Hence,
d(A;, Ajv1) = d(Ag, Ag), forall 1 <i<p. O
Now we prove some essential results required for the subsequent develop-
ment.

Proposition 1. Let (S,T) be a p-semi-cyclic contraction pair. Consider
xg € A1, and define

(4)

Tn4+1 = TZ/m
Yn = STp,

Then {x,} and {y,} are sequences in Ag_y and Agy, where 1 < k < L,
respectively. Moreover d(xy, Sxy) — dy and d(yn, Tyn) — do as n — co.



108 BEST PROXIMITY POINT RESULTS FOR P-SEMI-CYCLIC CONTRACTION PAIR. ..

Proof. Consider g € A;. Then Szg € As, so 3 yg € As such that yg = Sxg.
Now, Tyy € As, so 3 x1 € Ag such that Tyy = x1. Further, Sxz; € Ay,

so there exists y; € A4 such that y; = Sz;. Analogously, we define the

sequences {x,} and {y,} in Agx_1 and Ay, where 1 < k < & respectively,

as given in .
Moreover, from we compute
d(zpn, Szpn) = A(TYpn—1, STpn) < ad(Ypn—1, Tpn) + (1 — a)dy
= ad(Szpn—1,Typn—1) + (1 — a)dy
< a(ad(zpn—1, Ypn—1) + (1 —a)do) + (1 — a)dp
= ®d(Tpn—1,Ypn—1) + (1 — a?)dp

< a®d(z,yo) + (1 — a*")dp.

Therefore, d(xpn, STpn) — do.
Similarly, it can show that d(ypn, Typn) — do. O

Proposition 2. Let (S,T) be a p-semi-cyclic contraction. Assume, for xg €
A;, sequences {x,} and {y,} generated by have a convergent subsequence
in Agk_1 and Ag (where 1 < k < ’23), respectively, then there exists x €
Agg—1 and y € Agy, such that d(x, Sx) = dy = d(y, Ty).

Proof. Let sequence {z,,} have a convergent subsequence {xy, } which con-
verge to x. Since

do < d(Sxpn,,, x) < d(STpn,,, Tpny,) + d(@pny,, @),
it follows from proposition [I| that d(Szpn, ,z) — do. Also
do < d(Sw, xlmk-i-l) = d(S‘TaTyImk) < ad(, ypnk) + (1 —a)do
= ad(x, Stpn,) + (1 — a)dp.
Letting k — oo, we have d(Sz,z) = dp.
Similarly, we can prove that d(T'y,y) = dp. O

Now, to illustrate proposition [I] and [2] we recall the example

Example 2. Let X, Ay, A, A3, A4 are defined as in Example [Il Then the
pair (S,T) p-semi-cyclic contraction. Let xg € Ay and apply z,+1 = T'yn,
Yn = Sy, then we have

yo = S(zo) = (3,3) € A, zy =T(y1) = (3,0) € Ay,
x1 =T(yo) = (1,1) € 43, yo = S(z2) = (3,1) € A,
y1 = S(z1) = (1,3) € Ay, x3 =T (y2) = (1,1) € Az, and so on.
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Thus, the sequence satisfy {x,} C Agr_1 and {y,} C Agg, where 1 < k < 2.
Moreover, we observe that

d(2p, Sxp) = d(yn, Tyn) = 2 = do for all n € NU {0}.
Hence, the sequences converge to dy = %, as required by Proposition
Furthermore, by Proposition , there exist x = (%, 0)e A, y= (%, %) € Ay
such that d(z, Sz) = d(y, Ty) = do = 3.
Next result establishes the boundedness of sequences generated by a p-
semi-cyclic contraction under the given conditions.

Proposition 3. Let (S,T) be a p-semi-cyclic contraction. Assume, for xg €
A;, sequences {x,} and {y,} generated by are bounded.

Proof. Since d(zppn, Spn) — do, it is sufficient to prove the sequence {Sz,}
is bounded in As. If not, for each M > 0 3N such that

M < d(wp, Srpy) and  d(xp, Szpn_1)) < M,

where
d(zo. S 2p —2) + 4
M > max (JiO, xo) + ( P 1 ) a? dg,d(.%'p,sxo) .
o — 1 w1
o (0%

Moreover, we compute
M < d(zp, Szpn) = d(Typ—1, STpN)
< ad(yp-1, 7pn) + (1 — a)do
= ad(Szp—1,Typn-1) + (1 — a)dp
< a(ad(zp—1,ypn-1) + (1 — a)dp) + (1 — a)dy

= a?d(zp-1,ypn-1) + (1 — a?)dp

= 042pd(x07 ypN—p) + (1 - a2p)d07
thus, we obtain the inequality

M < a®d(zg, Stpn—p) + (1 — a?P)dy.

Therefore
1
E(M — (1 — 042p)d0) < d(x(), S.%'p]v_p),
consequently
1
(5) 7(M — do) +dgy < d(l‘o, :L‘p) + d(l‘p, SSEPN_p) < d(l‘o, Zl?p) + M.

a?p
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Now, from and Proposition (1, we conclude that
d(zo, zp) <
< d(z0, Sx0) + d(Sxo, Tyo) + d(Tyo, Sz1) + d(Sz1,Ty1) + - - -
- d(Typ—2,Szp—1) + d(Szp—1,TYp—1)
< d(wo, Swo) + [ed (w0, y0) + (1 — a)do| + [ad(z1,y0) + (1 — )do]
+ [ed(z1, 1) + (1 — @)do] + -+ - + [ed(wp—1,yp—1) + (1 — a)do]
< d(z0, Szo) + [eud (o, Sz0) + (1 — a)do] + [ad(Tyo, yo) + (1 — c)do]
+ [ed(21, Sz1) + (1 — @)do] + -+ + [ad(zp-1, Szp—1) + (1 — a)dy]
< d(z0, Swo) + (2p — 1)do.

Again, from inequality , we obtain
1
%(M —do) + do < d(zg, Szo) + (2p — 1)dp + M,
imply that
1 1
M(@ _ 1) < d(zo, Szo) + ((Qp —9)+ %>do
or

d(xo, Smo)  (2p—2)+ ﬁd
1, T a1 -1 %
a?p a?p

M <

a contradiction.
By similar arguments we can show that {y,} is bounded. O

Now we demonstrate an existence results under the assumption of bound-
edly compact sets.

Theorem 2. Let (S,T') be a p-semi-cyclic contraction. Assume, for xg € A;,
sequences {x,} and {y,} generated by have a convergent subsequence in
Asi—1 and Agy, (wherel < k < g), respectively. If atleast one A; is boundedly
compact then there exists = € UY_j A; such that either d(z,Sz) = dy or
d(z,Tz) = dy.

Proof. Propositions [2] and [3] immediately lead to this outcome. O

Corollary 1. Let (S,T) be a p-semi-cyclic contraction. Assume, for xo €
A;, sequences {xy,} and {y,} generated by (4) have a convergent subsequence
in Aok—1 and Agy, (where 1 < k < %), respectively. If span of at least one
A; is a finite dimensional subspace of X, then there exists z € UY_| A; such

that either d(z,Sz) = do or d(z,Tz) = dy.

Proof. As every finite dimensional subspace is boundedly compact, the result
is a consequence of Theorem 2] O
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We now proceed to the next result which shows the existence of the fixed
point.

Theorem 3. Let A;, 1 < i < p, be nonempty closed convexr subset of uni-
formly convex Banach space X and let (S,T) be p-semi-cyclic contraction
mapping. If dy = 0 then (S,T) has a unique common fized point in N A;.

Proof. Suppose dy = 0. Then we have
|Sz —Ty|| < allr —y|| forallze A;, ye Aiq.

Consider sequences {x,} and {y,} as defined in (4f). First we shall show
that {xp,} and {ypn} are Cauchy sequence in {Ag,_1} and {Ag}, where
1 <k < &, respectively. For, we compute

[Szpni1 — Typnll < allpnit — ypnll = | Typn — Spn|
< QQHypn — Tpnl| <o
<a®|ly1 —a1| = 0, asn — oo.

Then for m > n, we have
m—1
[STpm — Spnl| < Z @ y1 — 1] =0, n,m — oo.
k=n
Thus, {zp,} is a Cauchy sequence in {Ag_1}, where 1 <k < L.
In a similar manner, again for m > n, we have
m—1
I Typm — Typnll < D @™ |ly1 — 21]| = 0, n,m — oo,
k=n
Thus, {ypn} is a Cauchy sequence in {Ag}, where 1 <k < £,

Since each A; is closed in complete space X then there exists z € Agp_1
such that x,, — x as n — oo. Since zp, € Agj_; then Sz,, € Ay, so there
exists ypn € Agp such that Sz, = yp, converges to Sx in Ag,. Further,
Ypn € Aoy, so there exits 41 € Agy such that Ty,, = xpn41 converges to
x in Agg. Analogously, x converges to {Asgi_1} and Sz converges to {Aa}.
It follows from Proposition [2] that, x is a common fixed point of S and T,
ie, Sx=x="Tux.

Next to show the uniqueness, let us assume that y # x is such that
Ty =y = Sy for some y € NY'A;, then

|z —yll = [[Sz = Ty| < oSz — Ty,
a contradiction, which completes the proof. O
Theorem 4. Let A;, 1 < i < p be nonempty closed convexr subsets of a
uniformly convexr Banach space X and let pair (S,T) be a p-semi-cyclic

contraction mapping. For xg € A;, the sequence {xy} and {y,} are generated
by (). Then, {zpn} and {yp,} are Cauchy sequences.
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Proof. For dy = 0, Theorem [3] immediately lead to this outcome. Consider
do > 0. On contrary, there exists ¢y > 0 such that for each k£ > 1, there
exists my > ny > k so that

(6) pmy = Tl = €o-

Choose € > 0 such that (1 — 0(z%;))(do + €) < do. By Proposition (1} we
have

|2y, — Ypni | = [|Zpny, — STpny || = do,
there exists a positive integer N such that
(7) prnk - yp”k” <dop+e€e and ”xpmk - yp”k” <do+e

for all my > ni > N. It follows from the uniform convexity of X and @f@
that

m + mn
Hw — Y| < (1 - 5(d0€i 6))(d0 +e).

. . T +Zpn .
for all my, > ny > N. Since A; is convex —k5~F"E ¢ A;, the choice of €
$pmk+$pnk

and the fact that § is strictly increasing imply that || =555 —y,, || < do,
for all my > ny > N, a contradiction. Thus {z,,} is a Cauchy sequence in
Aji_1. By a similar argument we can show that {ypy,} is a Cauchy sequence
in Agk. Il

Theorem 5. Let A;, 1 < i <p, be nonempty closed convex subset of a uni-
formly convex Banach space X and let (S,T) be a p-semi-cyclic contraction.
Assume, for xg € A;, sequences {xn} and {yn} generated by (). Then,
there exists unique © € Ag,_1 and y € Ay (where 1 < k < §) such that
{en} = @, {ym} = y and |l — S|l = do = |y — Ty

Proof. By Theorem {4 {z,,} is a cauchy sequence in Ay, and since Agy is
closed there exists « € Agy, such that {z,,} converges to z. It follows from
Proposition [2| that ||z — Sz|| = dp. Similarly we can show that the sequence
{ypn} is converges to y in Aoy and ||y — Ty|| = do, where 1 < k < &. For
the uniqueness, assume that there exists another 2’ € Ay, 1 < k < £ such
that ||z’ — S2'|| = do. Since
do < ||TSz — Sz|| < oSz — z|| + (1 — a)dy = dp,
it follows that || T'Sx — Sz|| = dp = ||x — Sz||, this gives T'Sx = z. Similarly,
we can prove TSz’ = 2/, Now, if 2’ # z, then dy < ||z — S2'||, we obtain
|Sx — 2| = ||Sz — TS2'|| < alz — S2'|| + (1 — a)do

< |lz = 82| + (1 — a)|Jz — S

= ||z — 82| = || TSz — S2/||

<al|lSr— 2|+ (1 —a)dy < ||Sz — 2|,

o3

p

ol

a contradiction. Hence x = 2.
Similarly, we can prove the uniqueness of y € Agp_1. O
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4. CONCLUSION

The concept of a p-semi-cyclic contraction for a pair of mappings (S, T")
defined on the union of p(> 2) nonempty subsets in a Banach space was pre-
sented in this study. Both the cyclic contractions taken into consideration
by Eldred and Veeremani |6] and the semi-cyclic contractions examined by
Gabeleh [9] are extended by this framework. We expanded the application
of best proximity theory by establishing fundamental existence and conver-
gence theorems for best proximity points connected to (S,7"). Additionally,
the examples given show that the suggested framework is valid.
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